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1 Intro duction

When studying systemsof motion in the real world, a common catchphraseis “chaotic
motion'. Many peopleusethis term to describe the seemingrandom behavior of some-
times surprisingly simple objects. An easily created example of this type of systemis
a double pendulum system, which consistsof a pair of rods, the upper rod connected
to a xed point, the lower rod connectedonly to the upper, that are free to swing.
We investigated the chaotic motion of this system, the e ect that changesin the ini-
tial conditions had in the end result, and methods of mathematically represerting the
pendulums.

2 Predictions

With a normal pendulum, a small changein the initial anglewill only changethe nal

(after a setamount of time) angle by approximately the sameresult. In other words, a
linear changein aninitial condition will producea linear changein the resulting motion.
With the introduction of a secondpendulum, all of our intuition must be disregarded.
In the chaotic motion exhibited by the double pendulum system, we predict that a
small changewill result in two completely di erent behaviors. We expect this change
to becomevisible almost immediately after starting the system.

3 Description of Exp eriments

Sincewe did not have accesgo a double pendulum system, we decidedto make modi-
cations to the basictwo pendulum simulation that is provided with the visualpython
module. We decidedthat it would make more senseto have the massesand length of
ead pendulum the same. The two factors that we choseto study were the two angles,
1 and . SeeFigure 1.
We conducted essetially two experiments, the rst exploring the end result of
the system when only ; was changing, and the secondwhen only , was changing.
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Figure 1: Double Pendulum System

When we nished with thosetwo experiments, we decidedwe wanted to investigatethe
results over a longer time period when ; or , waschangedvery slightly. We presert
the results of theselonger period experiments after the original experiments

I modi ed the sample simulation, adding the capability to output the status of
the pendulum system, after every iteration, to a le located on the hard disk. This
allowed us to import thousandsof data points into a spreadsheetwithout ever having
to manually key them into the computer. The original simulation had the rate of
simulation reduced as to allow for easier viewing of the behavior by the operator.
Sincewe only neededthe data points, | essetially removed the rate limitation. This
had no e ect on the data collected, becauseit only increasedthe speedwith which we
could simulate and collect data points.

Exp eriment 1 ;= f1.7;1:8;1.9;2:0;2:1;2:2;2.3g, o= 0,0<t< 15

Experiment 2 =2, ,=10:20:2250:25 0:2750:3g,0< t < 10

Exp eriment 3 1=1f17;1.71g, ,=0,0<t< 30

Exp eriment 4 =2, ,=f0:250:2505,0< t < 30
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which would be too many to print here. Also, the values measuredand recorded are
Time

the valuesof ;.

seconds.

Pleasenote that the data tables presenied only represert a small fraction of our data.
We collected 100 data points per second,for a total of 1,000to 3,000points per table,

4 Data

1 Multiple Lines

Figure 2:

‘0 theta 1.9 v theta 1.8 < theta 2.0 » theta 1.7 ¢ theta 2.1 W theta 2.2 ¢ theta 2.3‘




Exp eriment 2: 1= 2, , variable
Time 2=02| ,=0225| ,=025| ,=0275| »,=03
9.90 -0.60 -0.60 -1.39 1.39 1.26
9.91 -0.65 -0.66 -1.35 1.37 1.28
9.92 -0.69 -0.73 -1.30 1.36 1.29
9.93 -0.73 -0.79 -1.25 1.34 1.31
9.94 -0.77 -0.85 -1.20 1.32 1.32
9.95 -0.81 -0.91 -1.14 1.30 1.33
9.96 -0.85 -0.97 -1.08 1.28 1.33
9.97 -0.89 -1.03 -1.02 1.26 1.34
9.98 -0.92 -1.09 -0.96 1.23 1.34
9.99 -0.96 -1.14 -0.89 1.21 1.35
10.00 -0.99 -1.19 -0.83 1.18 1.35
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Figure 3: 5 Multiple Lines



We wanted to investigate the long-term behavior with small changesin the initial
conditions. The results of thesetwo experimerts are below.

Exp erimen t 3:
1=2, »=1L7,171g
Time 2= 17| o.=171
29.91 0.00 -1.20
29.92 0.01 -1.20
29.93 0.02 -1.20
29.94 0.03 -1.20
29.95 0.05 -1.19
29.96 0.06 -1.19
29.97 0.07 -1.18
29.98 0.08 -1.17
29.99 0.09 -1.16
30.00 0.10 -1.15
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Figure 4: ; Two Lines - Long Duration



Exp erimen t 4:
1= f0:25,0:2509), =0
Time 1= 025 | 1= 0:2505
29.90 -1.33 1.44
29.91 -1.31 1.46
29.92 -1.29 1.47
29.93 -1.26 1.49
29.94 -1.23 1.50
29.95 -1.20 151
29.96 -1.17 151
29.97 -1.13 1.52
29.98 -1.10 1.52
29.99 -1.06 1.52
30.00 -1.02 1.52

Figure 5: , Two Lines - Long Duration



5 Results & Analysis

Basedon the data that we obtained, and the charts that we created using that data,
we decidedthat the double pendulum systemreally did exhibit chaotic motion. Since
part of our assignmen was to understand the physics behind our simulation, here is
an explanation using Lagrangian mathematics.

The Lagrangian is an equation that relates the kinetic and potential energy of a
system. It is described as:

L(1; 204 2)=Ti+Te Vi W 1)
Where:
Ty

Kinetic energy of the rst rod

T, = Kinetic energy of the secondrod
V1 = Potential energyof the rst rod
V, = Potential energy of the secondrod

For the purposesof this explanation:
=@ - @, @1..2: @ >
<+ @ ’ @ s 1 @ ’ @
If we decidethat the potential energyis equalto zero at the top, then:
Vi = mygy:; Vo = magy>

Using the diagram, a bit of trigonometry, we can write the cartesian coordinates of
the certers of massof the two rodsin terms of a;b; 1; ». We can then combine these
expressionsinto our potential energyformulas to produce:

a b
Vy = mlgz cos 1;Vo = myg(acos 1 + icos 2)

Now we can move on to nd the kinetic energy If we start with the standard for
of the kinetic energy of a rigid body:

1 1
KE = imvgm + Slem! 2

Using a large amount of messy algebra, many time derivatives, and a few trig
identities, we can nd the kinetic energy of ead rod:

1 a?2 2. 1,1 2
Ti= = — + —(— 2
1 2m1(4 +) 2(12m2a)&

1 2 B o2 11 2
To = Emz(a2 + *t 72 +abs acos( 1 2)) + 5(1_2m2b2) 2



If we take the kinetic energiesand potential energiesfrom both rods, and plug them
badk into the lagrangian (Equation 1), we get:

1 1 2 1 2 1
(6m1a2+ imzaz) 4 + émzb2 2 + Emzab_} _'LLCOS( 1 2)+

1 1
+( Emlga+ m,ga) cos 1 + Engbcos 2

Using a bit more algebraic substitution and di erien tation with respectto time, we
get the following relationships:

1 1
(§m1a2 + mzaz) o+ imzab'g COS( 1 2)

%mgab_gz sin( 1 2)+ (%mlga+ myga)sin = 0 (2)

1 1
§m2b2 %+ Emzab'l cos( 1 2)

%mzab_kz sin( 1 2) + %ngbsin =0 )

Since Equations 2 and 3 are nowhere near linear, it is very dicult to solve the
equations symbolically. Using the visualpython modules and the number crunching
ability of the computer, it is possibleto numerically iterate the equationsover a settime
interval. This is what we usedto obtain all of our data, as well asthe demonstration
at the end of our presertation.

6 Error Attribution

As mertioned in the previous section, the lagrangian equation for the two pendulum
systemis nearly impossibleto solve algebraically except for a selectfew special cases.
When using the computer to numerically approximate the anglesand energiesnvolved,
error must be introduced. Also, we set the simulation to iterate by thousandths of a
second, and we recorded the data every hundredth of a second. Ideally, we would
be able to handle and work with data with an even higher resolution, however the
limitations of our minds to handle hundereds of thousands of piecesof data was an
important factor, as well as the computer's ability to update the chart of points in
realtime, when dealing with that many points.

7 Estimating Uncertain ties

Estimating the uncertainties and error is di erent for this lab report, becausewe did
not actually use a real-world experiment. As mertioned in the previous section, the
lagrangian must be numberically approximated by the computer, and this adds a very



small amount of error, but sincethe computer is able to useapproximately 15 decimal
digits through all calculations, the error is negligible. If we were going to try and
t a function to our data, we would perhaps want to use more points for a higher
resolution. However, on the graphs cortained in this documert, the data points are
so closely spacedthat they look more like a smooth curve than a collection of unique
points. For the purposesof this lab report, the accuracythat we obtained is more than
enough.

8 Conclusion

In the courseof our numeric simulation, we armed many aspects of our prediction.
The system doesindeed exhibit chaotic motion, and small changedin the initial con-
ditions actually do produce very large and varied end results. The only areain which
we were slight mistaken wasin the time duration that wasrequired to produce a noti-
cible discrepancybetweenthe two closely started pendulum systems. We had initially

thought that the di erence would becomeevidert quite quickly, but as our data and
graphs shawved, the pendulums were relatively closefor quite a while. This is evidert
in the demonstration at the end of the presenation, where we simulate two double-
pendulums swinging at the sametime, with the sameupper pivot position.



